where q is the number of contacts between the particle in a cluster, U is the energy per contact, γ is the surface tension, R is the radius of the cluster, N the number of the particles in a cluster, n c is the charge unit number per single particle, e is the elementary charge, ε and ε 0 are the relative dielectric constant and the permittivity in vacuum, X N is the volume fraction of molecule in the cluster. Using the following relationships between different terms the equation can be written as a function of R: where Z is the number of particles neighbours, a is the radius of a single particle, f is the effective number of interactions, d f is the fractal dimension, n E the binding energy in kT units, s the surface of the aggregate and N s the number of particles on the surface of an aggregate of generic fractal dimension d f 40] .
Using the above conditions, we obtain equation 2 of the main text. The so obtained equation takes into account how the change from precursor to low fractality regime affects each term of the free energy. This information is enclosed in the parameter d f . To perform the calculations, we use the following values: For 2.5< df <3 we used Z=6 and f =3, for 1< df <2.5 we used Z=2 and f=1. All the calculations were performed with n E =10. This value for the binding energy is used to resemble the actual reversible aggregation of proteins that includes the possibility of the rearrangement of the particle within the cluster. This is in agreement with binding energies recently estimated for aggregating ensemble of Brownian particles [41] (see also section 3 for detailed calculations). Importantly, in the specific case of aggregating proteins, the first member of the right hand side of eq. 2 in the main text refers to the binding energy between already destabilized and aggregation-prone molecules.
It is worth noting that the n c values used in the calculations account for the average effective number of charges on a single protein. However, proteins contain polar groups that are far from being evenly distributed so that the protein surface is not uniformly charged, generating large electric dipole and multipole moments that strongly affect the inter-particle interactions [19] . Moreover, contributions due to the water structuring around the protein [20, 21] , hydrophobic interactions [21] and free electrolyte mediating the interaction between proteins [22] can further contribute to the overall electrostatic interactions between two molecules. For these reasons, the electrostatic term in equation 1 represents an effective term including all the above mentioned contributions. Moreover, the fact that the dielectric properties of a protein are not constant along its length [23] means that electrostatic interactions of very different extent (i.e. with different n c values) could take place within the same ensemble of charged proteins, determining the simultaneous occurrence of different morphologies. This is indeed experimentally verified for a number of protein systems that, in specific conditions, show the presence of both spherical and elongated aggregates [13, 27] .
Our coarse-grained model considers protein molecule as hard sphere interacting via electrostatic interactions. The reason for this choice is mainly dictated by the complexity of the problem and by our goal. We tried to simultaneously keep the model at a reasonable level of simplicity, whilst not neglecting some physical properties (i.e. electrostatics, energy of binding, entropy and multi-fractal nature) that are crucial in determining the large scale arrangement of the final aggregate. Including microscopic structural features of a single molecule (i.e. secondary structure) would complicate the entire approach, whilst not providing further information in terms of large scale arrangements.
PBE simulations for protein aggregation: spherulites formation.

Model
The simulations of protein aggregation and spherulite formation have been performed by numerically solving population balance equations (PBEs), i.e., mass balances for proteins and all of their clusters. The aggregation of proteins can be modeled as a second order kinetic process. In this case PBEs are written as follows [42, 43] :
where C i is the number concentration of clusters with mass i (i.e., made of i proteins), and K ij is the kernel determining the rate of aggregation between two clusters, one with mass i and the other with mass j. The aggregation kernel used in the simulations is the conventional diffusion-limited kernel, which has the following form [44, 45] :
Where R i is the outer radius of a cluster with mass i, W ij is the stability ratio of an aggregation event between the i th and j th clusters, η the viscosity of water evaluated at the temperature of the experiments, k the Boltzmann constant and T the temperature.
Two types of clusters are considered in the simulations. Clusters with a radius smaller than the precursor radius R c have a fractal dimension (d f ) equal to 3, and their radius R i has been assumed to scale with the cluster mass as follows:
where a is the protein radius. Their radius of gyration is equal to:
Clusters with a size larger than R c have a dense precursor with a radius equal to R c and d f =3, and a shell with d f <3. The radial density profile of these clusters is assumed to be continuous, switching from a constant value in the precursor to a power law in the shell:
The outer radius of the cluster is therefore found by integrating the density over the entire cluster volume to obtain the cluster mass: 
where U int,ij is the interaction energy between the clusters and x is the dimensionless center-tocenter distance between the clusters, normalized by the average cluster radius (R i +R j )/2. The interaction energy is the sum of two contributions: an attractive Van der Waals contribution U VdW,ij and a repulsive electrostatic interaction term U el,ij :
The Van der Waals contribution has been estimated using the well-established Hamaker equation [45] :
where A is the Hamaker constant and r is the (dimensional) center-to-center distance between the two clusters. For the electrostatic repulsive energy, we have used the equation proposed by Liu and Hsu [47] , which is an extension for unequal surface potential of the equations proposed by Sader et al. [48] : 
where ε 0 is the vacuum permittivity, ε is water dielectric constant, κ is the reverse Debye length, e is the electron charge. The quantity Y i is defined as:
and ϕ i is the surface potential of the i th cluster.
The above equation assumes that the surface potentials of both clusters remain constant as they approach each other. In order to find the surface potential from the surface charge density, the following equation has been used [45] :
where σ i is the surface charge density of the i th cluster.
To predict the total surface charge density on one cluster, we introduce a key physicallymotivated assumption depending on whether the cluster is in the precursor regime (d f =3) or possesses a multi-fractal shell. In particular, for two d f =3 clusters we calculate the surface charge as the one resulting from treating the clusters as dielectric spheres. This is motivated by the compact geometry which allows us to treat compact clusters as continua. As a consequence, the surface charge density for a spherical and compact cluster is given by
where P is the polarization density of the body and n is the unit vector normal to the surface. In a homogeneous linear and isotropic dielectric body, the polarization P is aligned with and proportional to the electric field E:
where 0 ε is the vacuum permittivity and χ is the electric susceptibility of the body. We can integrate both sides of Eq. (2.14) over the surface of the body, and get Based on this, modelling our protein cluster (in the precursor regime) as a dielectric sphere, we obtain the following expression for the surface charge density for a cluster composed of N protein monomers: On the other hand, for clusters in the multi-fractal regime, the aggregation involves bonding between two protruding particles on the cluster outer shell which are sufficiently isolated in space from the other particles in the clusters such that the electrostatic interactions from the other particles can be safely neglected [40, 49] . This would take into account the reduction of the electrostatic energy at decreasing d f as predicted by equation 2 in the main text. Therefore in the aggregation rate between two clusters in the multi-fractal regime we assume that the electrostatic interaction between the two clusters reduces to the interaction between two proteins protruding from the respective outer shells. The curves reported in Figure 4a in the main text have been obtained by plotting the total energy of interaction between monomermonomer, oligomer-oligomer (close to the critical size of the precursor), shell-monomer and shell-oligomer using equation 2.10. A very short range repulsive potential has been added to prevent overlap. According to our model, all oligomers are treated as dielectric spherical particles with a surface charge density given by equation 2.15. Instead, the interactions of aggregates with a precursor-shell structure will be controlled by monomers on their outer surface. Importantly, in the simulation all the clusters, including the precursor-shell structures, can aggregate with each other. This is to reproduce with a high degree of reliability what happens in the real system. Our kinetic model considers that, after the formation of the first precursors, the growth of the shell starts, with interactions characterized by a negligible barrier ( Figure 4a in the main text). In the very early stages of the shell growth, clusters (precursor-shell) are small enough to quickly diffuse in solution and the probability for these structures to interact with each other, is not negligible. This allows the formation of a small fraction of species with a shape that deviates from a perfect sphere ( Figure S3a, left) . Then, due to their increased size, further aggregation of such not perfectly spherical species with each other is extremely unlikely. However, they can still interact with oligomers and residual monomers in solution following the multi-fractal behaviour as predicted by the model. This leads to the formation of multi-fractal structures having a larger and not perfectly spherical central part ( Figure S3a, right) . It is worth noting that this is actually what experimentally happens. In Figure S3b we show that, even in a very small fraction, spherulites can clearly develop not only from a single spherical precursor but also from a more complex structure, being this in agreement with the prediction of our model (sketch in Figure S3a ).
The numerical solution of the population balance equations has been performed by the Kumar-Ramkrishna method, as described elsewhere [44] . In a nutshell, a broad interval of cluster mass values is divided into intervals using a logarithmic spacing. The PBEs are solved for all the values of the boundaries of each interval, referred to as pivots. Each time an aggregation event leads to the production of an aggregate with mass value falling inside an interval, the aggregate is split between the two boundaries the interval. The splitting factors are selected so that two moments of the original distribution are conserved, specifically the zero and first moments. This procedure guaranties a high efficiency of the code, which allows one to simulate the evolution of a very broad cluster mass distribution.
Calculation of the multi-fractal density profile and structure factor.
To calculate the multifractal density profile (Figure 2c in the main text) the following relationship between density and d f was used:
The d f (R) was extrapolated by fitting the exponential decays after precursor formation in Figure 2b and using the fitting function within equation 2.16.
The scattering structure factor of clusters with a size smaller than R c at a scattering vector q=4πn/λ sin(θ/2), where n is the refractive index of the solvent, λ the wave length of the laser and θ the scattering angle, is computed assuming that they can be approximated as spheres [50] :
The structure factor of precursor-shell clusters is instead computed using the Fisher-Burford equation, which is commonly used to approximate the scattering behavior of fractals [45] :
In the case of clusters with a multi-fractal density profile ρ(r) (eq. 2.16), the scattering structure factor can be computed from the following equation [50] : Figure S4 shows the profile (green curve) obtained from equation 2.19. The structure factor profile for the shell growth is well approximated using a constant fractal dimension of 1.9 (black dashed line). This value was used to calculate the simulated scattering curves. This approximated structure factor is the one that has been used to calculate the time evolution of the scattering intensity (such a task would be computationally prohibitive if we were to use the actual multi-fractal form factor). Curves at d f =1.3 and d f = 2.7 are also shown for comparison.
Finally, the overall intensity of the scattered radiation by the entire cluster population at a scattering angle of 90° is computed through the following equation:
where q 90 is the scattering wave vector evaluated at a scattering angle of 90°, S i (q) is the scattering structure factor of a cluster with mass i, given by Equation (2.17) for clusters with a size smaller than R c and by Equation (2.18) for precursor-shell clusters. G is a multiplicative constant depending on the experimental scattering set up, which cannot be easily determined, and therefore the scattered intensity profile height is adjusted by fitting a few experimental data points.
General PBE equation includes the features of the classical nucleation theory
The complete master kinetic equation reads as:
where the last two terms accounts for thermal breakup of a cluster of size k and generation of a k cluster by breakup of a cluster of size k+i. These terms are required when the inter-protein attraction is such that thermal energy can cause the complete dissociation of the bond between two proteins on a time scale comparable to the diffusive attachment time scale of a monomer. In our model the binding energy between particles is ~10kT, such that the rate of detachment of a monomer from a cluster (assuming it is bound to two particles on the surface) is according to a previous report [41] , the mismatch between association and dissociation rates is significant enough to neglect the last two terms in Eq. (3.1). Importantly, the absolute value that we find for the dissociation rate is such that particles certainly can rearrange during the aggregation process allowing us for setting up an equilibrium-like free energy of clustering.
However, in the general case of reactions where thermal breakup is significant, all the terms in Eq (3.1) should be considered. If we were really close to the metastability region of the proteins in water (i.e. close to the binodal line for equilibrium liquid-liquid phase separation), then a nucleation scenario within this approach can be recovered. In that case detailed balance is exactly satisfied and clusters are formed due to critical fluctuations under supersaturation conditions. Under these conditions, clusters are highly localized and noninteracting and grow very slowly by means of one-step particle attachment. Therefore, only terms of the type 
To shorten the notation we put
≡ etc. and rewrite the equation as:
Since the attraction is weak and thermal dissociation is important, the principle of detailed balance is applicable in this limit. Hence, we now introduce the equilibrium or steady-state concentration of aggregates of size k as eq k C which is a Boltzmann function of the minimum work F ∆ (free energy) needed to form an aggregate of size k:
. Upon applying the principle of detailed balance we have:
These relations allow us to eliminate from Eq. (3.2) the quantities becomes: Therefore, our original equation can be reduced, under the assumptions stated above, to a diffusion equation (in size space) in the field of force of the free energy of aggregation. Under the circumstances that the attraction is weak in comparison with the surface energy of the cluster (i.e. the case for aggregation reactions) the free energy might go through a local maximum at a size x* due to the competition between attraction and surface energy. Hence, clusters smaller than x* tend to shrink whereas clusters > x* tend to grow. Then F ∆ can be expanded to second order near the maximum: can be solved analytically at the steady-state ( / 0 C t ∂ ∂ = ) in the standard way of Kramers by means of the saddle-point method [52] . This yields the well-known formula of nucleation theory for the nucleation rate [53, 54] Importantly, in the case of spherulites a process different from the standard nucleation/elongation determines the growth of the aggregates, i.e. the multi-fractal growth, and, as a consequence, no use of the rate J can be found. Finally, it is important to note that this derivation cannot be applied to earlier models because the reduction of Eq.(3.1) to Eq.(3.2) requires that one takes the interactions into account in the physical formulation of the microscopic rates K ij. If the rates are taken as fitting parameters, it is impossible to recover nucleation theory.
